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As the temperature of a many-body system approaches absolute zero, thermal fluctuations of
observables cease and quantum fluctuations dominate. Competition between different energies, such
as kinetic energy, interactions or thermodynamic potentials, can induce a quantum phase transition
between distinct ground states. Near a continuous quantum phase transition, the many-body system
is quantum critical, exhibiting scale invariant and universal collective behavior [1, 2]. Quantum
criticality has been actively pursued in the study of a broad range of novel materials [3–6], and can
invoke new insights beyond the Landau-Ginzburg-Wilson paradigm of critical phenomena [7]. It
remains a challenging task, however, to directly and quantitatively verify predictions of quantum
criticality in a clean and controlled system. Here we report the observation of quantum critical
behavior in a two-dimensional Bose gas in optical lattices near the vacuum-to-superfluid quantum
phase transition. Based on in situ density measurements, we observe universal scaling of the equation
of state at sufficiently low temperatures, locate the quantum critical point, and determine the critical
exponents. The universal scaling laws also allow determination of thermodynamic observables. In
particular, we observe a finite entropy per particle in the critical regime, which only weakly depends
on the atomic interaction. Our experiment provides a prototypical method to study quantum
criticality with ultracold atoms, and prepares the essential tools for further study on quantum
critical dynamics.
PACS numbers: 05.70.Jk, 64.60.F-, 64.70.Tg, 67.85.Hj
In the vicinity of a continuous quantum phase transi-
tion, quantum fluctuations lead to non-classical universal
behavior of a many-body system [1]. Quantum critical-
ity not only provides novel routes to new material design
and discovery [1], but also raises possible links between
condensed matter systems and those studied in nuclear
physics [8, 9] or in cosmology [1, 10]. Understanding
quantum criticality and its general role in strongly cor-
related systems has hence attracted significant studies
such as those on heavy-fermion materials [4, 11], quasi-
one-dimensional Ising ferromagnets [12], quantum anti-
ferromagnets [13], ruthenate metals [14], and chromium
at high pressure [15].
Ultracold atoms offer a clean system for a quantitative
and precise study of quantum phase transitions and crit-
ical phenomena [16–20]. As an example, the superfluid-
to-Mott insulator quantum phase transition is realized by
loading atomic Bose-Einstein condenstates into optical
lattices [16]. In recent experiments, universal scaling be-
havior was observed in interacting Bose gases in three [21]
and two dimensions [22], and in Rydberg gases [23]. Sup-
pression of the superfluid critical temperature near the
Mott transition was observed in 3D optical lattices [24].
Studying quantum criticality in cold atoms based on
finite-temperature thermodynamic measurements, how-
ever, remains challenging and has attracted increasing
theoretical interest in recent years [25–28].
In this letter, we report the observation of quan-
tum critical behavior of ultracold cesium atoms in a
two-dimensional (2D) optical lattice across the vacuum-
to-superfluid transition. This phase transition can be
viewed as a transition between Mott insulator with zero
occupation number and superfluid, and can be quan-
titatively described by the Bose-Hubbard model [29].
Our measurement is based on atomic samples near a
normal-to-superfluid transition, which connects to the
vacuum-to-superfluid quantum phase transition in the
zero-temperature limit. At progressively lower temper-
atures, quantum criticality is revealed in the emergence
of universal scaling of the equation of state. From the
equation of state, we extract the quantum critical point
and the critical exponents, and compare them with the-
oretical predictions. Furthermore, we observe the break-
down of quantum criticality at high temperatures and
estimate an upper thermal energy scale for the quantum
critical behavior. The derived scaling laws permit a com-
plete determination of the thermodynamics of the critical
gas. In particular, we observe a universal, non-zero en-
tropy per particle in the critical regime, carrying a weak
dependence on the atomic interactions.
The quantum phase transition and quantum critical
regime in this study are illustrated in Fig. 1. The
zero-temperature vacuum-to-superfluid transition occurs
when the chemical potential µ approaches the quantum
critical point µ0. Sufficiently close to the quantum criti-
cal point, the critical temperature Tc for the normal-to-
superfluid transition is expected to decrease according to
the following scaling [29]:
kBTc
t
= c
(
µ− µ0
t
)zν
, (1)
where kB is the Boltzmann constant, t is the tunneling
energy, z is the dynamical critical exponent, ν is the cor-
relation length exponent, and c is a constant. In the
quantum critical regime (shaded area in Fig. 1), the tem-
perature T provides the sole energy scale, and all ther-
ar
X
iv
:1
10
9.
03
44
v1
  [
co
nd
-m
at.
qu
an
t-g
as
]  
2 S
ep
 20
11
2FIG. 1: The vacuum-to-superfluid quantum phase
transition in 2D optical lattices. At zero temperature,
a quantum phase transition from vacuum (horizontal thick
blue line) to superfluid occurs when the chemical potential µ
reaches the critical value µ0. Sufficiently close to the transi-
tion point µ0, quantum criticality prevails (red shaded area),
and the normal-to-superfluid transition temperature Tc (mea-
surements shown as empty circles; see Methods) is expected
to vanish as Tc ∼ (µ−µ0)zν ; the blue line is a guide to the eye.
From the prediction zν = 1 [26, 27, 29], the linearly extrap-
olated critical chemical potential is µ0 = −3.6(6)t, consistent
with the theoretical value −4t [18]. Here both the thermal
energy scale kBT and chemical potential µ are normalized by
the tunneling t.
modynamic observables are expected to scale universally
with T [29]. Thus the equation of state is predicted to
obey the following scaling [25–27]
N˜ = F (µ˜), (2)
in which F (x) is a universal function, and
N˜ =
N −Nr
(kBTt )
D
z +1− 1zν
and µ˜ =
µ−µ0
t
(kBTt )
1
zν
(3)
are the scaled occupation number and scaled chemical
potential, respectively. HereN is the occupation number,
D is the dimensionality, and Nr is the non-universal part
of the occupation number. For the vacuum-to-superfluid
transition in the two-dimensional Bose-Hubbard model,
we have Nr = 0 and D = 2, and the predicted critical
exponents are z = 2 and ν = 1/2, characteristics of the
dilute Bose gas universality class [2, 26, 29].
Our experiment is based on 2D atomic gases of cesium-
133 in 2D square optical lattices [30, 31]. The 2D trap
geometry is provided by the weak horizontal (r-) confine-
ment and strong vertical (z-) confinement, with envelope
FIG. 2: Evidence of a quantum critical regime. a,
Scaled occupation number N˜ = Nt/kBT as a function of the
scaled chemical potential µ˜ = (µ − µ0)/kBT , measured at
seven temperatures: T =5.8 nK (black circles), 6.7 nK (red
triangles), 11 nK (green triangles), 13 nK (blue diamonds),
15 nK (magenta squares), 24 nK (orange circles), and 31 nK
(dark yellow triangles), with the blue solid line showing the
average curve for the lowest four temperatures. Inset shows
the low-temperature data in the range of T = 5.8 ∼ 15 nK,
and the critical chemical potential µ0 is identified as the cross-
ing point; see text. The result, µ0 = −4.5(6)t agrees with the
prediction µ0 = −4t [18]. b, Determination of the dynam-
ical critical exponent z and the correlation length exponent
ν. The color represents the sum of normalized mean square
deviations of N˜ for data in the low temperature range of
T = 5.8 ∼ 15 nK, and indicates how well the scaled equa-
tion of state can collapse into one single curve (smaller devi-
ations suggest better fits); see text. Best fit corresponds to
z = 2.0(3) and ν = 0.54(5). The uncertainties are determined
from the contour on the z-ν plane where the deviation is 50%
above the minimum. The predicted values are z = 2 and
ν = 1/2.
trap frequencies fr = 9.6 Hz and fz = 1940 Hz, respec-
tively. Details of the system and the sample preparation
are described in Ref. [31]. Typically 4, 000 to 20, 000
Bose-condensed atoms are loaded into the lattice. The
lattice constant is d = λ/2 = 0.532 µm and the depth
is VL = 6.8 ER, where ER = kB × 63.6 nK is the re-
coil energy, λ = 1064 nm is the lattice laser wavelength,
and h is the Planck constant. In the lattice, the tunnel-
ing energy is t = kB × 2.7 nK, the on-site interaction is
U = kB×15 nK, and the scattering length is a = 15.9 nm.
3FIG. 3: Finite-temperature effect on quantum criti-
cal scaling. Scaled occupation number N˜c = Nct/kBT at
the critical chemical potential µ = µ0 as a function of the
normalized temperature kBT/t. The blue dashed line is an
empirical fit, giving a temperature scale T ∗ ≈ 8t/kB. For
T < T ∗, N˜c ≈ 0.097 is independent of the temperature; for
T > T ∗, N˜c deviates from the low-temperature value.
The sample temperature is controlled in the range of T
= 5.8∼31 nK.
We determine the equation of state n(µ, T ) of the
sample from the measured in situ density distribution
n(x, y) [22, 30]. The chemical potential µ(x, y) and the
temperature T are obtained by fitting the low-density
tail of the sample where the atoms are normal. The fit
is based on a mean-field model which accounts for inter-
action [18, 32]; see Methods.
We locate the quantum critical point by noting that at
the critical chemical potential µ = µ0, the scaled occupa-
tion number N˜ = Nt/kBT = nd
2t/kBT is temperature-
independent, as indicated by Eq. 2. We plot N˜ as a func-
tion of µ in the low temperature range of 5.8∼15 nK, and
indeed observe a crossing point at µ0 = −4.5(6)t, see in-
set of Fig. 2a. We identify this point as the critical point
for the vacuum-to-superfluid transition, and our result
agrees with the prediction −4t [18].
To test the critical scaling law, we compare the equa-
tion of state at different temperatures. Based on the ex-
pected exponents z = 2 and ν = 1/2, we plot the scaled
occupation number N˜ as a function of the scaled chemical
potential µ˜ = (µ−µ0)/kBT ; see Fig. 2a. Below 15 nK, all
the measurements collapse into a single curve, which con-
firms the emergence of the quantum critical scaling law
(Eq. 2) at low temperatures. Deviations become obvious
at higher temperatures.
We determine the critical exponents z and ν by com-
paring the equation of state at low temperatures. Taking
various values of z and ν in the range of 0 < z < 4 and
0 < ν < 1, we compute the corresponding scaled oc-
cupation numbers N˜ and scaled chemical potentials µ˜
based on Eq. 3. We then evaluate how well the scaled
equation of state in the range of T = 5.8 ∼ 15 nK can
FIG. 4: Entropy per particle in the critical regime. a,
Entropy per particle S/N as a function of the scaled chemical
potential µ˜, measured in the temperature range of 5.8 ∼ 15nK
(same symbol and color scheme as in Fig. 2a). b, Critical
entropy per particle Sc/N as a function of the effective in-
teraction strengths g: measurements for Bose gases with 2D
optical lattices (black circle) and without lattice (black tri-
angles, extracted from data in Ref. [22]), mean-field calcula-
tions (blue line), and a power-law fit to the measurements,
Sc/NkB = 1.6(1)g
0.18(2)(red line).
collapse to a single curve by computing the normalized
mean-square deviations of N˜ (Methods). The result is
shown in Fig. 2b, from which we find the exponents to
be z = 2.0(3) and ν = 0.54(5). Our result is consistent
with the predictions of the dilute Bose gas universality
class: z = 2 and ν = 1/2 [2, 26, 29], and shows the power
of our method in identifying universality classes. In the
following analyses, we adopt z = 2 and ν = 1/2.
Our measurements at different temperatures allow us
to investigate the breakdown of quantum criticality at
high temperatures. To quantify the deviations, we fo-
cus on the temperature dependence of the scaled oc-
cupation number N˜ at the critical chemical potential
µ = µ0, as shown in Fig. 3. Deviations from the low-
temperature value are clear when the temperature ex-
ceeds T ∗ = 22 nK≈ 8t/kB. From this, we conclude that
at µ = µ0, the upper bound of thermal energy for the
quantum critical behavior in our system is kBT
∗ ≈ 8t.
4Our result is in fair agreement with the prediction of 6t
based on quantum Monte Carlo calculations [27].
From the equation of state, one can derive other ther-
modynamic quantities in the critical regime. Here we de-
rive the entropy per particle S/N based on measurements
in the temperature range of T = 5.8 ∼ 15 nK, using a
procedure similar to that in Ref. [33]. The measured
entropy per particle only depends on the scaled chem-
ical potential µ˜ and monotonically decreases (Fig. 4a),
indicating a positive specific heat. Near the critical
point µ˜ = 0, the entropy per particle has an approxi-
mate linear dependence on the scaled chemical potential:
S/NkB = a − bµ˜, with a = 1.8(1), b = 1.1(1). From
this linear dependence, we derive an empirical thermody-
namic relation analogous to the ideal gas law (Methods):
P = Cnx (kBT )
y
, (4)
where P is the pressure of the 2D gas, x = 21+b = 0.95(5),
y = 2b1+b = 1.05(5), C = 0.8(2)(td
2)w is a constant, and
w = 1−b1+b = −0.05(5).
Finally, we observe a weak dependence of the criti-
cal entropy per particle on the atomic interaction. Not-
ing that a weakly-interacting 2D Bose gas follows sim-
ilar scaling laws near µ = 0 [22] due to the same un-
derlying dilute Bose gas universality class [2, 34], we
apply similar analysis and extract the critical entropy
per particle Sc/N at four interaction strengths g ≈
0.05, 0.13, 0.19, 0.26, as shown together with the lattice
data (g ≈ 2.4) in Fig. 4b. We observe a slow growing of
Sc/N with g, and compare the measurements with mean-
field calculations. The measured S/N is systematically
lower than the mean-field predictions, potentially due to
quantum critical physics. The weak dependence on the
interaction strength can be captured by a power-law fit
to the data as Sc/NkB = 1.6(1)g
0.18(2).
In summary, based on in situ density measurements
of Bose gases in 2D optical lattices, we confirm the
quantum criticality near the vacuum-to-superfluid
quantum phase transition. We show the suppression of
the superfluid critical temperature, observe the universal
scaling of equation of state, and extract the quantum
critical point and critical exponents. In addition, we find
that the entropy per particle is temperature-independent
in the critical regime and has a weak dependence on
the atomic interaction. Our experimental methods hold
promise for identifying other quantum phase transitions,
and prepare the tools for investigating quantum critical
dynamics.
Methods Summary
Preparation and detection of cesium 2D Bose gases
in optical lattices are similar to those described in
Refs. [22, 31]. We obtain the normal-to-superfluid tran-
sition point by collapsing the scaled equation of state
at different temperatures [22]. We extract the quantum
critical points and critical exponents by minimizing the
normalized mean square deviations of scaled occupation
number. Based on the Gibbs-Duham equation, we derive
thermodynamic quantities, in particular, the entropy per
particle in the critical regime (details in Online Meth-
ods).
[1] Coleman, P. & Schofield, A. J. Quantum criticality. Na-
ture 433, 226-229 (2005).
[2] Sachdev, S. Quantum Phase Transitions (Cambridge
Univ. Press, Cambridge, 1999).
[3] van der Marel, D., Molegraaf, H. J. A., Zaanen, J., Nussi-
nov, Z., Carbone, F., Damascelli, A., Eisaki, H., Greven,
M., Kes, P. H. & Li, M. Quantum critical behaviour in a
high-Tc superconductor. Nature, 425, 271-274 (2003).
[4] Gegenwart, P., Si, Q. & Steglich, F. Quantum critical-
ity in heavy-fermion metals. Nature Physics, 4, 186-197
(2008).
[5] v. Lo¨hneysen, H., Rosch, A., Vojta, M., Wo¨lfle, P. Fermi-
liquid instabilities at magnetic quantum phase transi-
tions. Rev. Mod. Phys., 79, 1015-1075 (2007).
[6] Sachdev, S. Quantum magnetism and criticality, Nature
Physics, 4, 173-185 (2008).
[7] Senthil, T., Balents, L., Sachdev, S., Vishwanath, A. &
Fisher, M. P. A. Quantum criticality beyond the Landau-
Ginzburg-Wilson paradigm. Phys. Rev. B 70, 144407
(2004).
[8] Khawaja, U. A. & Stoof, H. Skyrmions in a ferromagnetic
Bose-Einstein condensate. Nature, 411, 918-920 (2001).
[9] Senthil, T., Vishwanath, A., Balents, L., Sachdev, S. &
Fisher, M. P. A. Deconfined Quantum Critical Points.
Science, 303, 1490-1494 (2004).
[10] Sachdev, S. & Mu¨ller, M. Quantum criticality and black
holes. J. Phys.: Condens. Matter 21, 164216 (2009).
[11] v. Lo¨hneysen, H., Pietrus, T., Portisch, G., Schlager, H.
G., Schro¨der, A., Sieck, M. & Trappmann, T. Non-Fermi-
liquid behavior in a heavy-fermion alloy at a magnetic
instability. Phys. Rev. Lett. 72, 3262-3265 (1994).
[12] Coldea, R., Tennant, D. A., Wheeler, E. M., Wawrzyn-
ska, E., Prabhakaran, D., Telling, M., Habicht, K.,
Smeibidl, P. & Kiefer, K. Quantum Criticality in an Ising
Chain: Experimental Evidence for Emergent E8 Symme-
try. Science, 327, 177-180 (2010).
[13] Ru¨egg, Ch., Normand, B., Matsumoto, M., Furrer,
A., McMorrow, D. F., Kra¨mer, K. W., Gu¨del, H.-U.,
Gvasaliya, S. N., Mutka, H. & Boehm, M. Quantum Mag-
nets under Pressure: Controlling Elementary Excitations
in TlCuCl3. Phys. Rev. Lett. 100, 205701 (2008).
[14] Grigera, S. A., Perry, R. S., Schofield, A. J., Chiao, M.,
Julian, S. R., Lonzarich, G. G., Ikeda, S. I., Maeno,
Y., Millis, A. J. & Mackenzie, A. P. Magnetic Field-
Tuned Quantum Criticality in the Metallic Ruthenate
Sr3Ru2O7. Science, 294, 329-332 (2001).
5[15] Jaramillo, R., Feng, Y., Wang, J. & Rosenbaum, T. F.
Signatures of quantum criticality in pure Cr at high pres-
sure. Proc. Nat. Acad. Sci. 107, 13631-13635 (2010)
[16] Greiner, M., Mandel, O., Esslinger, T., Ha¨nsch, T. W.
& Bloch, I. Quantum phase transition from a superfluid
to a Mott insulator in a gas of ultracold atoms. Nature,
415, 39-44 (2002).
[17] Haller, E., Hart, R., Mark, M. J., Danzl, J. G.,
Reichso¨llner, L., Gustavsson, M., Pupillo, G., Na¨gerl, H.-
C. Pinning quantum phase transition for a Luttinger liq-
uid of strongly interacting bosons. Nature, 466, 597-600
(2010).
[18] Zhang, X., Hung, C.-L., Tung, S.-K., Gemelke, N. &
Chin, C. Exploring quantum criticality based on ultra-
cold atoms in optical lattices. New J. Phys. 13, 045011
(2011).
[19] Baumann, K., Guerlin, C., Brennecke, F. & Esslinger, T.
Dicke quantum phase transition with a superfluid gas in
an optical cavity. Nature, 464, 1301-1306 (2010).
[20] Simon, J., Bakr, W. S., Ma, R., Tai, M. E., Preiss, P. M.
& Greiner, M. Quantum simulation of antiferromagnetic
spin chains in an optical lattice. Nature 472, 307-312
(2011).
[21] Donner, T., Ritter, S., Bourdel, T., O¨ttl, A., Ko¨hl, M. &
Esslinger, T. Critical Behavior of a Trapped Interacting
Bose Gas. Science 315, 1556-1558 (2007).
[22] Hung, C.-L., Zhang, X., Gemelke, N. & Chin, C. Ob-
servation of scale invariance and universality in two-
dimensional Bose gases. Nature, 470, 236-239 (2011).
[23] Lo¨w, R., Weimer, H., Krohn, U., Heidemann, R., Bend-
kowsky, V., Butscher, B., Bu¨chler, H. P. & Pfau, T. Uni-
versal scaling in a strongly interacting Rydberg gas. Phys.
Rev. A 80, 033422 (2009).
[24] Trotzky, S., Pollet, L., Gerbier, F., Schnorrberger, U.,
Bloch, I., Prokof’ev, N. V., Svistunov, B. & Troyer, M.
Suppression of the critical temperature for superfluidity
near the Mott transition. Nature Physics, 6, 998-1004
(2010).
[25] Zhou, Q. & Ho, T.-L. Signature of Quantum Criticality
in the Density Profiles of Cold Atom Systems. Phys. Rev.
Lett. 105, 245702 (2010).
[26] Hazzard, K. R. A. & Mueller, E. J. Techniques to mea-
sure quantum criticality in cold atoms. Phys. Rev. A 84,
013604 (2011).
[27] Fang, S., Chung, C.-M., Ma, P.-N., Chen, P. & Wang,
D.-W. Quantum criticality from in situ density imaging.
Phys. Rev. A 83, 031605(R) (2011).
[28] Kato, Y., Zhou, Q., Kawashima, N. & Trivedi, N. Sharp
peaks in the momentum distribution of bosons in optical
lattices in the normal state. Nature Physics, 4, 617-621
(2008).
[29] Fisher, M. P. A., Weichman, P. B., Grinstein, G. &
Fisher, D. S. Boson localization and the superfluid-
insulator transition. Phys. Rev. B 40, 546-570 (1989).
[30] Gemelke, N., Zhang, X., Hung, C.-L. & Chin, C. In situ
observation of incompressible Mott-insulating domains in
ultracold atomic gases. Nature, 460, 995-998 (2009).
[31] Hung, C.-L., Zhang, X., Gemelke, N. & Chin, C.
Slow Mass Transport and Statistical Evolution of an
Atomic Gas across the Superfluid-Mott-Insulator Transi-
tion. Phys. Rev. Lett. 104, 160403 (2010).
[32] Capogrosso-Sansone, B., Giorgini, S., Pilati, S., Pollet,
L., Prokof’ev, N., Svistunov, B. & Troyer, M. The Beliaev
technique for a weakly interacting Bose gas. New J. Phys.
12, 043010 (2010).
[33] Yefsah, T., Desbuquois, R., Chomaz, L., Gu¨nter,
K. J. & Dalibard, J. Exploring the thermody-
namics of a two-dimensional Bose gas. Preprint at
<http://arxiv.org/abs/1106.0188v1> (2011).
[34] Sachdev, S. & Dunkel, E. R. Quantum critical dynam-
ics of the two-dimensional Bose gas. Phys. Rev. B, 73,
085116 (2006).
[35] Chin., C., Grimm, R., Julienne, P. & Tiesinga, E. Fesh-
bach resonances in ultracold gases. Rev. Mod. Phys. 82,
1225-1286 (2010).
[36] Ho T.-L. & Zhou, Q. Obtaining the phase diagram and
thermodynamic quantities of bulk systems from the den-
sities of trapped gases. Nature Physics 6, 131-134 (2010).
Acknowledgements We thank N. Prokof’ev and D.-
W. Wang for discussions and numerical data, Q. Zhou,
K. Hazzard, and N. Trivedi for discussions, and N.
Gemelke for discussions and careful reading of the
manuscript. The work was supported by NSF (grant
numbers PHY-0747907, NSF-MRSEC DMR-0213745),
the Packard foundation, and a grant from the Army Re-
search Office with funding from the DARPA OLE pro-
gram.
Methods
Preparation and characterization of cesium 2D
Bose gases in optical lattices
Preparation and detection of 2D gases in optical lattices
The experimental procedure is similar to those described
in Refs. [22, 31]. We adjust the atomic temperature by
applying magnetic field pulses near a magnetic Feshbach
resonance [35] to excite the atoms [22]. After the pulse,
we tune the scattering length to a = 15.9 nm, wait for
200 ms, and ramp on the optical lattice to 6.8 ER in 270
ms. These parameters are chosen to allow the sample to
reach thermal equilibrium after the ramp [31]. The final
lattice depth is sufficiently deep to validate single band
Bose-Hubbard description. After preparing the sample,
we perform in situ absorption imaging using a strong
resonant laser beam [22, 33]. The atomic density is in-
dependently calibrated in similar methods as in Ref. [22].
Determination of the peak chemical potential and the
temperature We determine the peak chemical potential
µm (chemical potential at the trap center r = 0) and the
temperature T of a 2D Bose gas in 2D optical lattices by
fitting the low-density tail of the azimuthally averaged
density profile using the following formula [18]:
n(r) = d−2
∞∑
l=1
[I0(2lβt)]
2elβ[µm−2Ueffnd
2−V (r)], (5)
This formula is based on local density approximation and
a mean-field model that takes interaction into account.
Here n(r) is the 2D atomic density at radius r from
6the cloud center, d = 0.532 µm is the lattice spacing,
I0(x) =
∫ pi
−pi
dθ
2pi e
x cos θ is the zeroth-order Bessel function
with purely imaginary argument, β = 1/kBT , kB is the
Boltzmann constant, t is the tunneling, V (r) is the en-
velope trapping potential, and Ueff is the effective inter-
action. Here the calculation of Ueff involves the Bose-
Hubbard on-site interaction parameter U and terms for
a modified two-particle propagator [32]:
Ueff =
U
1 + U2tΠ
, (6)
where
Π =
(
d
2pi
)2 ∫∫
dkxdky
kBT
t + 2 [2− cos(kxd)− cos(kyd)]
,
and the integration ranges of kx and ky are both from
−pi/d to pi/d, which covers the first Brillouin zone of
the 2D square lattice. We test this formula on quantum
Monte Carlo (QMC) data [27]. Within our experimental
temperature range, the fitted T agrees with QMC value
within 3%, and the fitted µm agrees with QMC value
within 0.6t.
Determination of the critical parameters
Normal-to-superfluid transition point µc We use a pro-
cedure similar to that in Ref. [22]. At a reference tem-
perature Tref , we obtain the critical chemical potential
µc,ref for the normal-to-superfluid transition by fitting
the crossover of the compressibility κ = dndµ (as a function
of density n) near the transition region. The fit is based
on an empirical formula κ = kn−√k2(n− nc)2 + w2 +√
k2n2c + w
2, where the slope k, critical density nc =
n(µref , Tref), and the width w of the transition region are
fitting parameters. At a different temperature T , we ob-
tain the transition point by comparing the equation of
state at the two temperatures T and Tref and collapsing
the scaled equation of state near the transition points
into a single universal curve [22]:
n− nc
kBT
= H(
µ− µc
kBT
). (7)
The resulting critical points are shown in Fig. 1.
Quantum critical point µ0 For a given chemical potential
µ, we calculate the mean square deviation of the scaled
occupation numbers N˜ = Nt/kBT at M different tem-
peratures, and normalize this deviation by the squared
average value, as shown in the following formula:
∆N˜(µ) =
1
(M − 1)N˜2av(µ)
M∑
i=1
[
N˜i(µ)− N˜av(µ)
]2
(8)
where N˜av(µ) =
∑M
i=1 N˜i(µ)/M . The quantum critical
point µ = µ0 is determined by finding the minimum of
∆N˜(µ).
Critical exponents z and ν For given trial values of z and
ν, we calculate the scaled occupation number N˜ and
the scaled chemical potential µ˜ according to Eq. 3, and
define the normalized mean square deviation, ∆N˜(µ˜), at
a certain µ˜ in a form similar to Eq. 8. The exponents z
and ν are determined by minimizing the average ∆N˜(µ˜)
in the range of −1.5 kBT < µ− µ0 < 1.5 kBT .
Universal thermodynamics in the quantum crit-
ical regime Based on the Gibbs-Duham equation [36],
we derive the pressure P (µ, T ) from the in situ density
measurements:
P (µ, T ) =
∫ µ
−∞
n(µ′, T )dµ′ (9)
The entropy density s(µ, T ) is related to the pressure via
differentiation with respect to temperature:
s(µ, T ) =
(
∂P
∂T
)
µ
(10)
In the quantum critical regime near the vacuum-to-
superfluid transition, the scale invariance of the equation
of state suggests the following scaling laws for pressure
P and entropy density s:
P (µ, T ) =
(
kBT
t
)D
z +1
KP (µ˜) , (11)
s(µ, T ) =
(
kBT
t
)D
z
Ks (µ˜) , (12)
where KP and Ks are generic functions of µ˜. Combining
Eq. 2 and Eq. 12, we obtain the entropy per particle S/N
in unit of kB
S
NkB
=
(
kBT
t
)−1+ 1zν
W (µ˜) (13)
where W is a universal function.
For z = 2, ν = 1/2, S/NkB = W (µ˜) = 2KP /KP
′ −
µ˜ is a temperature-independent function of the scaled
chemical potential µ˜ = (µ−µ0)/kBT . In particular, near
the critical point µ˜ = 0, S/NkB varies approximately as
a linear function of µ˜: W (µ˜) = a − bµ˜. Using W (µ˜) =
2KP /KP
′ − µ˜, we can solve the pressure P and express
it in terms of density n and temperature T :
P = Cnx(kBT )
y, (14)
where x = 21+b , y =
2b
1+b , and the proportionality con-
stant C = (a2 )
2
1+b (KP (0)t2 )
−1+b
1+b .
A similar technique was applied to obtain the entropy
per particle for a bulk 2D gas of rubidium-87 atoms [33].
7Effective interaction strength of a 2D gas We define the
dimensionless effective interaction strength g for our Bose
gas in optical lattices:
g = Ueff
m∗d2
~2
(15)
and for that without lattices [22]:
g =
√
8pia
lz
(16)
where the effective interaction Ueff is calculated
using Eq. 6, ~ is the reduced Planck constant,
m∗ = ~2/E′′(k)|k=0 is the single-particle effective
mass in a 2D optical lattice and can be calculated
from the ground-band dispersion relation E(k), a is
the scattering length which is tunable via a magnetic
Feshbach resonance [35], and lz is the vertical harmonic
oscillator length.
Mean-field calculation on the entropy per particle We cal-
culate the entropy per particle S/N based on Eq. 5. At
low temperatures T , the Bessel function takes its asymp-
totic form I0(x) ≈ ex/
√
2pix when x = 2lt/(kBT ) is large,
and Eq. 5 reduces to
F (µ˜) = − 1
4pi
ln
[
1− exp
(
µ˜− 2Ueff
t
F (µ˜)
)]
.
One can calculate F (µ˜) by solving this equation self-
consistently, and then derive KP (µ˜) and S/NkB =
2KP /KP
′−µ˜ from F (µ˜). In this calculation, the effective
mass takes the value m∗ = ~
2
2td2 (under the tight-binding
approximation); the effective interaction strength is thus
given by g = Ueff2t based on Eq. 15.
